Given a triangular array {X n,k , 1 k n, n 1} of random variables satisfying E|X n,k | p < ∞ for some p 1 and sequences {bn}, {cn} of positive real numbers, we shall prove that
Introduction
In [5] , Li and Spȃtaru proved the following statement: if {X n , n 1} is a sequence of independent and identically distributed (i.i.d.) random variables with E X 1 = 0 and p > 0, 0 < q < 2, r 1 are such that qr 1, then
is equivalent to
dx < ∞ for all ε > 0.
A few years later, Chen and Wang [2] showed that, letting p > 0, {X n , n 1} be a random sequence and {b n }, {c n } be sequences of positive real numbers, Our purpose in this paper is to give general sufficient conditions to obtain
when {X n,k , 1 k n, n 1} is a triangular array of random variables and {b n }, {c n } are sequences of positive constants. Namely, we shall assume that a suitable truncated triangular array of random variables satisfies classical probability inequalities, particularly, a von Bahr-Esseen type inequality [9] and a Rosenthal type inequality (see, for instance, [8] page 59). These are general assumptions which cover well-known dependent structures, making some recent statements on this topic follow easily from our results.
In the sequel, we shall denote the indicator random variable of an event A by I A and, for each t > 0, we shall define also the function g t (x) = max(min(x, t), −t) which describes the truncation at level t.
Main results
In our first two statements, we shall establish the convergence of the series (1.2) by assuming that, for any t > 0, the (truncated) array of random variables {g t (X n,k ), 1 k n, n 1} satisfies a von Bahr-Esseen type inequality.
Theorem 1 Let p > 1, {X n,k , 1 k n, n 1} be an array of random variables satisfying E|X n,k | p < ∞ for each 1 k n and all n 1, {b n } and {c n } real sequences of positive numbers. If (a) there is a sequence of positive numbers {α n } such that for some q > p:
i.
for all n 1 and t > 0, ii.
Proof. Fixing ε > 0, we have
n,k , Chebyshev inequality and assumption (a) i. entail
Hence,
Thus, by gathering (2.2), (2.3), (2.4) and (2.5) we get
according to assumptions (a) ii., iii., iv. and (b). The proof is complete.
Theorem 2 Let {X n,k , 1 k n, n 1} be an array of random variables satisfying E|X n,k | < ∞ for each 1 k n and all n 1, {b n } and {c n } real sequences of positive numbers. If (a) there is a sequence of positive numbers {α n } such that for some q > 1:
Proof. All steps in the proof of Theorem 1 remains true for p = 1 except the upper bound (2.5).
as n → ∞. Hence, for n large enough we obtain
and putting Γ n (t) := n k=1 |X n,k | > t we get
For n large, it follows
by employing (2.2), (2.4) with p = 1 and (2.3), (2.7). The thesis is established.
The next two results, give us conditions for the convergence of (1.2) under the assumption that, for every t > 0, the array of random variables {g t (X n,k ), 1 k n, n 1} satisfies a Rosenthal type inequality.
Theorem 3 Let p > 1, {X n,k , 1 k n, n 1} be an array of random variables satisfying E|X n,k | p < ∞ for each 1 k n and all n 1, {b n } and {c n } real sequences of positive numbers. If (a) there are sequences of positive numbers {β n } and {ξ n } such that for some q > max{p, 2}:
for all n 1 and t > 0,
ii.
Proof. The proof follows in exactly the same manner as the proof of Theorem 1 except for upper bounds (2.3) and (2.4) which must be replaced. Letting X ′ n,k := g bn (X n,k ) and
On the other hand, considering Y ′ n,k := g t 1/p (X n,k ) we have
Employing (2.2), (2.5), (2.9) and (2.10) as in (2.6) the conclusion follows. The proof is complete.
Theorem 4 Let {X n,k , 1 k n, n 1} be an array of random variables satisfying E|X n,k | < ∞ for each 1 k n and all n 1, {b n } and {c n } real sequences of positive numbers. If (a) there are sequences of positive numbers {β n } and {ξ n } such that for some q > 2:
Proof. The thesis is a consequence of (2.2), (2.10) with p = 1 and (2.7), (2.9).
Remark Notice that if {X n,k , 1 k n, n 1} is an array of row-wise extended negatively dependent random variables with dominating sequence {M n , n 1} (see [6] ), then (2.8) holds with q 2 and β n = ξ n = C(q)(1 + M n ) with C(q) a positive constant depending only on q (see Lemma 2 of [6] ); further, (2.1) still holds for these dependent structures with 1 q 2 and α n = C(q)(1 + M n ), where C(q) > 0 depends only on q.
Applications
Let {Ψ n (x), n 1} be a sequence of positive even functions satisfying
for some 1 p < q.
Corollary 1 Let {Ψ n (x), n 1} be a sequence of positive even functions verifying (3.1) for some 1 < p < q 2 and {X n,k , 1 k n, n 1} be an array of zero-mean random variables satisfying (2.1) for some constant sequence α n . If {b n } and {c n } are real sequences of positive numbers such that
for all 1 k n and n 1. On the other hand, Ψ k (|x|)/|x| p ↑ as |x| ↑ entails
for each 1 k n and n 1. Hence, (3.2) and (3.4) yield
for any 1 k n and n 1. Thereby, (3.6) and assumption (1) ensure condition (a) ii. of Theorem 1. Moreover, (3.3) and (3.5) imply
for every 1 k n and n 1. Thus, (3.7) and (1) also guarantee assumption (b) of Theorem 1. Furthermore, we get
whence the remaining conditions of Theorem 1 are fulfilled. The proof is complete.
Corollary 2 Let {Ψ n (x), n 1} be a sequence of positive even functions verifying (3.1) for some 1 < q 2 and {X n,k , 1 k n, n 1} be an array of zero-mean random variables satisfying (2.2) for some constant sequence α n . If {b n } and {c n } are real sequences of positive numbers such that
Proof. Since all steps in the proof of Corollary 1 remain valid with p = 1 and
we obtain
Corollary 3 Let {Ψ n (x), n 1} be a sequence of positive even functions verifying (3.1) for some p > 1 and q > max{2, p}, and {X n,k , 1 k n, n 1} be an array of zero-mean random variables satisfying (2.8) for some constant sequences β n and ξ n . If {b n } and {c n } are real sequences of positive numbers such that
Proof. Note that conditions (a) v. and vi. of Theorem 3 are verified since
As in the proof of Corollary 1, assumption (1) imply that the remaining assumptions of Theorem 3 hold. The proof is complete.
Corollary 4 Let {Ψ n (x), n 1} be a sequence of positive even functions verifying (3.1) for some q > 2, and {X n,k , 1 k n, n 1} be an array of zero-mean random variables satisfying (2.8) for some constant sequences β n and ξ n . If {b n }, {c n } are real sequences of positive numbers such that
Proof. The thesis is a consequence of Theorem 4 proceeding as in Corollary 3 and noting that (3.8) still holds.
Remark Notice that if c n = 1 for all n 1 then condition n k=1 EΨ k (|X n,k |)/Ψ k (b n ) = o(1), n → ∞ in Corollaries 2 and 4 can be removed because it follows from
Remark Let us point out that Theorem 3 of [10] can be obtained via Corollaries 1, 2, 3 and 4 by taking c n = 1 for all n 1 and Ψ k (x) not depending on k; indeed, for such sequence c n , the assumption
q/2 < ∞ can be dropped in Corollaries 3 and 4.
The lemma below gives us a von Bahr-Esseen type inequality for row-wise pairwise negative quadrant dependent (NQD) triangular arrays (see, for instance, [7] ). The proof can be performed as in Theorem 2.1 of [1] by employing the truncation X ′ n,k = g x 1/r (X n,k ), 1 < r < 2 and X ′′ n,k = X n,k − X ′ n,k , being thus omitted.
Lemma 1 Let 1 r 2 and {X n,k , 1 k n, n 1} be a triangular array of zero-mean rowwise pairwise NQD random variables such that E |X n,k | r < ∞ for all n 1 and any 1 k n. Then Remark It is worthy to note that using Lemma 1 in Theorems 1 and 2, we can extend Theorem 3.7 of [1] to sequences {X n , n 1} of pairwise NQD and identically distributed random variables, by admitting X n,k = X k , p = r, c n = n t−2 and b n = n 1/ρ (0 < ρ < 2) with 1 r 2, t 1, and tρ < 2.
Corollary 5 Let 1 < r < 2 and {X n,k , 1 k n, n 1} be a triangular array of row-wise pairwise NQD random variables such that E |X n,k | r < ∞ for all n 1 and any 1 k n. If 1 p < r and {b n } is a real sequence of positive constants satisfying, 
